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Steering of magnetic nano-/microhelices by a rotating magnetic field is considered as a promising
technique for controlled navigation of tiny objects through viscous fluidic environments. It has
been recently demonstrated that simple geometrically achiral planar structures can also be steered
efficiently. Such planar propellers are interesting for practical reasons, as they can be mass-fabricated
using standard micro/nanolithography techniques. While planar magnetic structures are prone to in-
plane magnetization, under the effect of an in-plane rotating magnetic field, they exhibit, at most,
propulsion due to spontaneous symmetry breaking, i.e., they can propel either parallel or anti-
parallel to the rotation axis of the field depending on their initial orientation. Here we demonstrate
that actuation by a conically rotating magnetic field (i.e., superposition of in-plane rotating field and
constant field orthogonal to it) can yield efficient unidirectional propulsion of planar and magnetized
in-plane structures. In particular, we found that a highly symmetrical V-shape magnetized along
its symmetry axis which exhibits no net propulsion in in-plane rotating field, exhibits unidirectional
in-sync propulsion with a constant (frequency-independent) velocity when actuated by the conically
rotating field.
I. INTRODUCTION
Controlled propulsion of artificial micro- and nano-
structures that can be actuated and precisely navi-
gated through a fluidic environment has recently at-
tracted considerable attention. While many different ap-
proaches ranging from catalytic nanowires to thermally,
light- and acoustically-driven nanomachines are being ex-
plored, driven propulsion powered by an external rotating
magnetic field offering remote, engine-less and fuel-free
steering of micro-/nanostructures, is particularly appeal-
ing for prospective biomedical applications (see [1, 2] for
review).
Originally bio-inspired helical micro/nanopropellers
were demonstrated [3, 4] and extensively studied, e.g.,
[5–8]. Such helical ‘swimmers’ are actuated by the weak
(few milli Tesla) uniform in-plane rotating magnetic field
and propel unidirectionally along the field rotation axis
similar to a twirling bacterial flagella. However, fab-
rication of three-dimensional (3D) helical micro- and
nanoscale structures typically requires complicated fabri-
cation techniques, e.g, “top-down” approach [4], glancing
angle deposition [3, 8], direct laser writing [9], biotem-
plated synthesis using biological spiral structures [10, 11],
two-photon polymerization of a curable superparamag-
netic polymer composite [12, 13], spiraling microfluidic
flow lithography [14], etc. One interesting proposal to
circumvent complicated microfabrication is to use one-
dimensional soft magnetic nanowires [15, 16] that sup-
posedly acquire helicity when actuated by rotating field
due to an interplay of viscous and elastic forces. An alter-
native method that does not require sophisticated micro-
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fabrication involves spontaneous aggregation of magnetic
nanoparticles into random-shaped 3D clusters [17, 18].
However, on average such random-shaped clusters ap-
pear to be significantly less efficient propellers in com-
parison to the structures with preprogrammed geometry
and magnetization [19].
Another interesting option relies on the fact that ge-
ometric chirality is not required for driven propulsion
based on rotation-translation coupling. It was recently
demonstrated that geometrically achiral planar objects
made of three interconnected magnetized microbeads can
be steered quite efficiently by an in-plane rotating mag-
netic field [20, 21]. Such two-dimensional (2D) ferromag-
netic propellers are of practical interest, as they can be
mass-fabricated via standard photolithography methods
[22]. Recently developed microfluidic stop-flow lithogra-
phy can also be used for high-throughput fabrication of
superparamagnetic 2D microstructures with high satura-
tion magnetization [23].
The theory of magnetically driven propulsion of an
arbitrary shaped object was developed in [24], suggest-
ing that the notion of chirality should account not just
for the object’s geometry, but also for orientation of the
magnetic dipolar moment affixed to it. In particular it
was predicted that specific magnetization of the geomet-
rically achiral planar object can actually render it chiral
resulting in unidirectional propulsion similar to helices.
A combined theoretical and experimental study of pla-
nar V-shaped structures actuated by an in-plane rotat-
ing magnetic (or electric) field was recently conducted
in Ref. [25]. The correspondence (depending on orien-
tation of the dipolar moment) between different propul-
sive solutions was established based on symmetry argu-
ments involving parity, P̂ , and charge conjugation, Ĉ, as
the in-plane rotating magnetic field is invariant under P̂
2FIG. 1. Schematic diagrams illustrating (a) ĈP̂ -symmetry
of a slim planar V-shape propeller magnetized in its plane,
(b) A pair of dual solutions related by symmetry and having
opposite propulsion velocities along +z (left) and −z (right)
direction, respectively, when actuated by an in-plane rotating
magnetic field, H. Principal axes of rotation {e1,e2,e3} are
shown in (a); red arrow stands for the magnetic dipole mo-
ment m; R̂2 stands for rotation by π around the body frame
principal axis e2.
and ĈR̂z. Here R̂z stands for rotation by π around the
field rotation z-axis. In general, there could be two sta-
ble rotational solutions resulting in different propulsion
velocities. In particular, it was found that highly sym-
metrical achiral (P̂ -even) V-shaped objects (e.g., with
magnetization along e3 or e2, see Fig. 1a) exhibit no net
propulsion at all. Furthermore, it was demonstrated that
a V-shaped object, magnetized along any principal axis
of rotation will exhibit no net in-sync propulsion regard-
less of its symmetry [25]. Individual magnetized in-plane
(as in Fig. 1a) ĈP̂ -even objects can efficiently propel due
to spontaneous symmetry breaking. However, since ĈP̂ -
symmetry inverts linear velocities, the dual rotational so-
lutions yield propulsion with equal, but opposite veloc-
ities (see illustration in Fig. 1b). It was also confirmed
experimentally that in agreement with the prediction in
[24] the off-plane magnetized V-shaped object with in-
trinsically broken (ĈP̂ -and P̂ -) symmetry, i.e., chiral as
well as ĈP̂ -chiral, can propel unidirectionally.
Since planar micro/nano-structures are prone to in-
plane magnetization while uniform off-plane magnetiza-
tion of multiple samples is not an easy task, the inter-
esting question is whether planar nanopropellers can be
steered in a controllable fashion? As it will be shown be-
low, controlled propulsion can be achieved using a con-
ically rotating field, i.e., by adding an extra constant
magnetic field along the field rotation z-axis breaking
the ĈR̂z-symmetry. The role of the constant field is to
orient the magnetic moment along the z-axis and this re-
sults in selection of one of the dual solutions in Fig. 1b
(on the left) over the other. We also shall demonstrate
that a highly symmetrical planar V-object magnetized
along its symmetry axis (e1-axis in Fig. 1a) which shows
no net propulsion in an in-plane rotating field (see [25]),
can be steered unidirectionally by the conically rotating
field similar to a magnetic helix.
II. PROBLEM FORMULATION
We assume conical rotating magnetic field H
H = H(xˆ cosωt+ yˆ sinωt+ zˆδ) , (1)
where H and ω are, respectively, the amplitude and an-
gular frequency of the rotating field and Hz = δH is
the value of the constant magnetic field along the field
rotation z-axis, such that tan−1 (1/δ) is the cone angle.
We further assume that the motion of the magnetized
object is force–free and driven solely by the magnetic
torque L = m × H , where m is the magnetic mo-
ment affixed to the object. In the zero-Reynolds-number
(Stokes) approximation, the condition of the balance of
forces and torques acting on the particle reads
U = G · L , Ω = F · L . (2)
Here U and Ω are the translational and angular veloc-
ities of body, G and F are the coupling and rotation
viscous mobility tensors, respectively. The triad of unit
eigenvectors, {e1, e2, e3} of F makes up the body-frame
principal rotation axes. We fix their order such that the
corresponding eigenvalues satisfy F1 ≤ F2 ≤ F3. The
lab-frame unit vectors {xˆ, yˆ, zˆ} are related to the body-
frame axes {e1, e2, e3} by a rotation matrix R parame-
terized by, e.g., the three Euler angles ϕ, θ and ψ (stan-
dard “3-1-3” parametrization) describing the instanta-
neous orientation of the object in the lab frame,
R =
 cψ sψ 0−sϕ cψ 0
0 0 1
 ·
1 0 00 cθ sθ
0 −sθ cθ
 ·
 cϕ sϕ 0−sϕ cϕ 0
0 0 1
 =
 cϕcψ − sϕsψcθ sϕcψ + cϕsψcθ sψsθ−cϕsψ − sϕcψcθ −sϕsψ + cϕcψcθ cψsθ
sϕsθ −cϕsθ cθ
 , (3)
where we use the compact notation: sθ ≡ sin θ, cψ ≡
cosψ, etc. For an arbitrary vectorA we haveAb = R·Al
(or Al = RT ·Ab), where superscripts “b” and “l” stand
for the body- and lab-frame of reference respectively.
The permanent magnetic moment in the body-frame
axes is given by
m = m (n1e1 + n2e2 + n3e3) , (4)
where ni are projections of the unit vector
n = m/m = sΦcαe1 + sΦsαe2 + cΦe3 expressed via the
spherical polar, Φ, and azimuthal, α, angles, respectively.
Angular velocity. It is most convenient to express the
problem of driven rotation (the second equation in (2)) in
the body-frame where F = diag(F1,F2,F3) is fixed and
3the components of the angular velocity Ω are expressed
through the Euler angles via the relations [24]:
Ωb1 = ϕ˙sθsψ+θ˙cψ, Ω
b
2 = ϕ˙sθcψ−θ˙sψ, Ωb3 = ϕ˙cθ+ψ˙, (5)
where the dot stands for the time derivative. Expressing
the magnetic field (1) in the body-frame components,
Hb = R ·H l, the equation Ω = F · (m×H) after some
algebra reduces to
1+ε
ω0
(ϕ˙sθsψ + θ˙cψ) = n2ζ + n3[cϕ̂sψ + χcψ], (6)
1−ε
ω0
(ϕ˙sθcψ − θ˙sψ) = −n1ζ + n3[cϕ̂cψ − χsψ], (7)
1
pω0
(ϕ˙cθ + ψ˙) = −n⊥[cϕ̂sψ+α + χcψ+α], (8)
where we denote ζ = sθsϕ̂ + δcθ and χ = sϕ̂cθ − δsθ.
Here ϕ̂ = ϕ − ωt, n⊥ = sinΦ, ω0 = mHF⊥ the char-
acteristic angular frequency with F⊥ being the geomet-
ric mean minor mobilities, F−1
⊥
= (F−11 + F−12 )/2 and
p = F3/F⊥ ≥ 1 and ε = (F2−F1)/(F2+F1) ≥ 0 are, re-
spectively, the longitudinal and the transverse rotational
anisotropy parameters. For the in-plane rotating field
(δ = 0) the Eqs. (6-8) reduce to Eqs.(5-7) in [24].
We look for solutions which turn in-sync with the mag-
netic field, i.e., rotating about the z-axis with angular
velocity
Ω = ωzˆ = ω(sθsψe1 + sθcψe2 + cθe3) , (9)
From the comparison of (9) and (5) it follows that the in-
sync regime corresponds to constant values of the three
Euler angles ψ, θ and ϕ̂ = ϕ−ωt, so that Eqs. 8 simplify
to
(1 + ε)ω˜sθsψ = n2ζ + n3[cϕ̂sψ + χcψ], (10)
(1− ε)ω˜sθcψ = −n1ζ + n3[cϕ̂cψ − χsψ] (11)
p−1ω˜cθ = −n⊥[cϕ̂sψ+α + χcψ+α] (12)
where ω˜ = ω/ω0 is the dimensionless actuation frequency.
The Eqs. (10)–(12) shall be used to make analytical
progress in some particular cases, e.g., magnetization
along principal rotation axes, where one may expect
net propulsion (in comparison with the case of δ = 0
where net propulsion is not possible [25]). In gen-
eral numerical solution of (10)–(12) or time integration
of (6)–(8) for some initial values of the angles is required.
Linear velocity. The linear velocity, U can be found
in the same way as was done for in-plane rotating field
[19, 24, 25], as the constant component of the field δH zˆ
affects propulsion only through dynamic orientation of
the propeller. Expressing the magnetic torque, L, from
the second equation in (2) and substituting it into the
the first equation in (2), the translational velocity can
be readily found as U = G · F−1 · Ω . By symmetry
the time-averaged linear velocity for in-sync actuation is
along the z-axis. Taking a scalar product on both sides
of this equation with Ω = ωzˆ we readily obtain it in a
compact covariant form as
Uz
ωℓ
= Ω̂ ·Ch · Ω̂ , (13)
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FIG. 2. Planar V-shaped structures with 120-degree central
angle together with their principal rotation axes {e1,e2,e3}:
a) slim structure with rectangular cross section (height-to-
width aspect ratio h:w=1:3); b) chubby structure (square
cross section). The structures are magnetized in-plane and
the red arrow stands for the magnetic dipolar moment m.
where Ch is a dimensionless chirality matrix given by
the symmetric part of 1ℓ G ·F−1 with ℓ being the charac-
teristic length and Ω̂ = Ω/ω = zˆ the normalized (unit)
angular velocity. It is most convenient to write the RHS
of (13) in the body frame whereas Ch is fixed and Ω̂
being expressed via the Euler angles as in (9). Note that
Ch (in contrast to G) is independent of the choice of co-
ordinate origin. Under rotation of the coordinate frame
it transforms as a (symmetric) pseudo-tensor.
Applying Eq. (13) to the symmetric V-shaped object
(see Fig. 2) whereas Ch has a pair of identical nonzero
off-diagonal entries is straightforward. For such struc-
tures the easy rotation axis e3 (corresponding to the
largest eigenvalue F3) is always parallel to the line con-
necting the arms of the V-shape, one minor axes coincides
with the symmetry axis and another is perpendicular to
the plane of the V-shape. For definiteness we choose the
in-plane minor axis (along the symmetry axis) along the
line bisecting the acute/obtuse angle formed by the arms
of V-shape and pointing away from the vertex, as shown
in Fig. 2. It should be noticed however that our conven-
tion of fixing the body frame in a way that F1 ≤ F2 ≤ F3
can result in the interchange of minor axes, e1 ↔ e2 (and
e3 ↔ −e3 to keep the frame right-handed) upon vary-
ing the V-shape opening angle or the aspect ratio h:w as
shown in Fig. 2. Considering for definiteness the case of
chubby V-shape shown in Fig. 2b where the only nonzero
elements of G are G13 = G31, then (13) reduces to
Uz
ωℓ
= C˜h sψs2θ , (14)
4where C˜h = Ch13 = Ch31 = G13(F1−1 + F3−1)/2ℓ is the
pseudo-chiral coefficient [24, 25].
When the same V-shaped propeller is not turning in-
sync with the field, the propulsion velocity is given by
(see Appendix A):
Uz
ℓ
= C˜hsψs2θϕ˙+ G13
(
1
F3 sψsθψ˙ +
1
F1 cψcθ θ˙
)
. (15)
Clearly, for in-sync actuation θ˙ = ψ˙ = 0, ϕ˙ = ω and (15)
reduces to (14). When the minor axes interchange (see
Fig. 2a) the similar equations apply with ψ → π/2 − ψ,
θ → π − θ and G23 replacing G13 everywhere.
III. HYDRODYNAMIC MOBILITIES OF
PLANAR V-STRUCTURES
We apply particle-based method [26] for computing
mobility tensors F , G, the resulting anisotropy parame-
ters p, ε and the chirality matrix Ch for planar V-shaped
propellers. This technique is based on multipole expan-
sion of the Lamb’s spherical harmonic solution of the
Stokes equations. The object is approximated by (i)
monolayer of N touching rigid spheres of radius a, as
shown in Figs. 3a–c, e or (ii) a hollow structure with
beads retracing the perimeter (see Figs. 3d,f). Thick-
ness of the propeller is controlled by varying the num-
ber of beads approximating the object. This particle-
based approach was previously applied for modeling self-
locomotion of an undulating flexible filament [27], mag-
netically driven propulsion of rigid helical [6, 8] and arc-
shaped [24, 25] structures and random fractal-like aggre-
gates [19].
The results of the computation are collected in Table I
for different values of the central angle γ of the V-shape.
For straight stripes (γ = π) rotation-translation cou-
pling vanishes, G = 0, as can be anticipated from symme-
try. Under the convention for the body frame selection
(see Sec. II), for generic value of γ the coupling matrix G
has exactly two nontrivial off-diagonal elements Gi3 = G3i
with either i = 1 or, respectively, i = 2, depending on
geometry of the structure. We find G13 < 0 for V-shapes
with the opening angle γ = π/2, while for V-shapes with
the opening angle γ = 2π/3 upon increasing the slender-
ness the minor axes interchange, e2 ↔ e1 (as illustrated
in Fig. 2) leading to a sudden change of sign of Gi3 and C˜h
in Table I, such that G23 > 0 becomes the only nontrivial
entry.
As one may expect for Stokes flows, the computed ro-
tational and coupling mobilities of hollow 2D structures
(in Fig. 3d,f) are quite close to these found for the re-
spective densely packed structures (in Fig. 3c,e).
FIG. 3. Planar V-shapes with 90-degree central angle and
varying thickness (width-to-height aspect ration, w:h). Bead-
made structures approximate hydrodynamic mobilities of the
planar V-shapes. a) h:w=1:1; b) h:w=1:2; c) h:w=1:3; d)
h:w=1:3 (hollow structure); e) h:w=1:4; f) h:w=1:4 (hollow
structure).
IV. ACTUATION OF V-SHAPED PROPELLERS
BY A CONICAL MAGNETIC FIELD
In this section we shall consider a number of analyti-
cally tractable cases and approximate solutions. In the
analysis below we assume, for definiteness, the orienta-
tion of the principal axes as shown in Fig. 2b. Modifica-
tion of the present analysis for the slim structures (as in
Fig. 2a) is straightforward.
A. Magnetization along the symmetry e2-axis
Assuming magnetization along the symmetry axis e2,
i.e., n1 = n3 = 0 and n2 = n⊥ = 1, we have Φ =
α = π/2. Then from (11) it follows that ψ = ±π/2
(it can be readily seen that sin θ = 0 is not a solution).
Substituting these values of the magnetization angles and
ψ into Eqs. (10,12) we obtain
s2θ = ± 2δ
ω˜ (1 + ε− p−1) , (16)
which imposes restriction on the value of δ (or ω) for
which in-sync solution materializes. The ± signs corre-
spond to two rotational solutions with acute and obtuse
wobbling angle θ, respectively. Then, knowing θ the Eu-
ler angle ϕ̂ can be found from (10) as
sϕ̂ = ±(1 + ε)ω˜ − δ cot θ . (17)
5γ h:w f/h F˜1 F˜2 F˜3 G˜i3(×10
2) C˜h(×102) ε p
1:1 f 0.659 0.756 1.188 −0.470 −0.554 0.068 1.685
1:2 f 0.913 1.050 1.175 −0.578 −0.482 0.070 1.79
π/2 1:3 f 1.046 1.161 1.959 −0.620 −0.455 0.052 1.78
1:3 h 1.049 1.171 1.971 −0.607 −0.443 0.055 1.78
1:4 f 1.131 1.219 2.068 −0.641 −0.439 0.037 1.76
1:4 h 1.141 1.249 2.105 −0.633 −0.428 0.045 1.76
1:1 f 0.820 0.861 2.027 −0.933 −0.799 0.024 2.41
1:2a f 1.069 1.078 2.945 −1.058 −0.675 0.004 2.74
1:3 f 1.164 1.206 3.326 1.097 0.620 0.017 2.81
2π/3 1:3 h 1.173 1.209 3.340 1.110 0.620 0.015 2.80
1:4 f 1.275 1.376 3.994 1.438 0.702 0.038 3.02
1:4 h 1.308 1.388 4.041 1.513 0.732 0.030 3.00
1:1 f 0.942 0.942 3.317 0 0 0 3.52
1:2 f 1.037 1.088 4.553 0 0 0.024 4.29
πb 1:3 f 1.086 1.195 5.048 0 0 0.048 4.43
1:3 h 1.095 1.199 5.057 0 0 0.045 4.42
1:4 f 1.113 1.268 5.298 0 0 0.065 4.47
1:4 h 1.142 1.278 5.338 0 0 0.056 4.43
a this sample is used in calculations throughout the paper
b rectangular stripes
TABLE I. Comparison of hydrodynamic mobilities of pla-
nar V-shaped structures. γ is the opening angle; ‘f’ and ‘h’
stand for either filled or hollow cluster, respectively; h:w is
the height-to-width aspect ratio; F˜i are the eigenvalues of
the respective dimensionless rotational mobility tensor ηℓ3F ;
G˜i3 (i = 1 or 2) are the unique nonzero off-diagonal el-
ements of the symmetrized coupling matrix ηℓ2G; C˜h =
Gi3(Fi
−1 +F3
−1)/2ℓ is the pseudo-chirality coefficient; ε and
p are the transversal and longitudinal rotational anisotropy
parameters, respectively.
Notice that as m is aligned with e2, the two (dual)
rotational states in Eqs. (16–17) are equivalent and can-
not be distinguished due to arbitrariness in the choice of
orientation of the principal axes: rotating the V-shape
by π around e2 brings the object to itself. Thus, one
may consider only the solution corresponding to an acute
wobbling angle θ < π/2. The positive value of s2θ corre-
sponds to the two distinct values of the precession angle
θ, while only one (the smaller of the two, θ < π/4) proves
to be stable (see the paragraph on stability below).
Clearly, the in-sync solution Eqs. (16–17) persists in a
limited range of actuation frequencies, ω˜∗ < ω˜ < ω˜s-o,
where
ω˜∗ =
2δ
1 + ε− p−1 , (18)
is imposed by Eq. (16) at θ = π/4 and the step-out
frequency, ω˜s-o, by (17) at ϕ̂s-o = π/2. The step-out
frequency can in turn be determined as follows. Using
the identity sin 2θ = 2 cot θ/(1 + cot2 θ) and substituting
cot θ from Eq. (17) for sin ϕ̂ = 1 into (16), we obtain the
quadratic equation for ω˜s-o:
(1 + ε)ω˜2s-o − (1 + p+ pε)ω˜s-o + p(1 + δ2) = 0 .
The larger root gives the step-out frequency:
ω˜s-o =
1 + ǫp +
√
(1 + ǫp)2 − 4(1 + δ2)ǫp
2(1 + ε)
, (19)
where ǫp = p(1 + ε). With ω˜s-o at hand, one can readily
determine the precession angle at the step-out, θs-o, from,
e.g., Eq. 16. It can also be shown that at the step-out
the angle β between magnetizationm and the fieldH at-
tains its maximal value of π/2, maximizing the magnetic
torque.
As an example, for the V-structure with a cross-section
aspect ratio h:w=1:2 and central angle γ = 120◦ (see Ta-
ble I), we have p = 2.74 and ε = 0.004. For this sample
propeller, the wobbling angle at the step-out, θs-o, in-
creases with δ up to a maximum value≈ 31.1◦ at δ = 0.53
(see Fig. 4a); above this value of δ no in-sync solution
exist. The step-out frequency in Eq. (19) slightly dimin-
ishes with δ (see Fig. 4b). For instance for δ = 0.1 and 0.4
we have ω˜s-o = 2.72 and 2.44, respectively. Notice that
no stable in-sync solutions can be found at δ & 0.478 (see
Fig. 4b and the stability analysis below).
Substituting the steady-state solution for s2θ from (16)
and ψ = ±π/2 into (14) we readily obtain the in-sync
propulsion velocity of a magnetic V-shape:
Uz
ω0ℓ
= C˜h
2δ
(1 + ε− p−1) , (20)
which surprisingly is independent of the actuation fre-
quency.
In contrast to helical propellers which swim the best
when precession is minimized (similar to a corkscrew
twirling around its long axis), efficient propulsion of pla-
nar structures requires considerable precession [24]. Since
the wobbling angle, θ, diminishes with the actuation
frequency as s2θ ∼ 1/ω, while the propulsion velocity
Uz ∼ ωs2θ, reduction of the precession angle is compen-
sated exactly by the increasing rotation rate, rendering
Uz constant in a limited range of in-sync actuation fre-
quencies ω∗ < ω < ωs-o. We consider Eq. (20) as a major
result of the present paper. Animations of the in-sync
driven rotation and propulsion of the sample propeller
(with γ = 120◦ and h:w=1:2, see Table I) are provided
in [28] for δ = 0.3 and several value of the actuation fre-
quency ω/ω0. Notice that in the movies the magnetic
moment m rotates in the xy-plane of the field. A simple
way to show that, is to note that for in-sync solution we
haveΩ ‖ zˆ, while the magnetic torque L = F−1 ·Ω ⊥m.
Thus it follows that m ·F−1 · zˆ = 0 and since F is sym-
metric it means that F−1 ·m ⊥ zˆ. For an object mag-
netized along one of the principal axes (i.e., eigenvectors
of F) we have F−1 ·m ‖ m so that m ⊥ zˆ.
The frequency dependence of the dimensionless propul-
sion velocity, Uz/ν0ℓ [29], of the same sample V-shape,
where ν0 = ω0/2π stands for the characteristic (cyclic)
frequency, is depicted in Fig. 5 for several values of δ.
The Euler angles were obtained by numerical integration
of Eqs. (6)-(8) and the propulsion velocity computed us-
ing Eq. (15). In agreement with the theory, the numer-
6FIG. 4. In-sync actuation of the V-shape with the central
angle γ = 120◦ and cross-section aspect ratio h:w=1:2 mag-
netized along −e2. (a) Wobbling angle at the step-out θs-o vs.
δ. (b) The dimensionless transition frequency, ω∗/ω0 (lower
curve), and the step-out frequency, ωs-o/ω0 (upper curve) vs.
δ. Stable in-sync solutions materialize in a limited range of
actuation frequency (between the two solid lines), no stable
in-sync solutions can be found for δ & 0.478 (vertical dotted
line); dashed segments mark unstable in-sync solutions.
ical solution produces constant propulsion velocity (20)
in a finite range of in-sync actuation frequencies in ac-
cordance with Fig. 4b. At higher values of δ = 0.4 the
basin of attraction of the constant in-sync solution (solid
gray line) becomes narrow and for random initial ori-
entation the asynchronous solution materializes for all
frequencies (dashed black curve in Fig. 5). At low ac-
tuation frequency ω < ω∗ the solutions (dashed lines)
are quasi-synchronous, meaning that Euler angles oscil-
late periodically about some constant values, so that on
average the propeller rotates in-sync with the actuation
frequency and its propulsion velocity is insensitive to the
initial orientation. Above the step-out frequency the V-
shape cannot catch up with fast rotating magnetic field
and, as a result, it does not turn in-sync with the field.
In this regime we found that the solution converges to a
stable closed orbit solution (limit cycle) in (θ, ψ)-plane
(with ϕ̂ periodic modulo 2π) with average propulsion ve-
locity described by the dashed line [30]. It should be
noted however that the velocity oscillates strongly over
the period of this limit cycle. Moreover it turns out that
the convergence to the limit cycle is quite slow so that the
FIG. 5. The dimensionless propulsion velocity, Uz/ν0ℓ, of the
V-shape with the central angle γ = 120◦ and cross-section as-
pect ratio h:w=1:2 magnetized along −e2 (see the inset), as a
function of the scaled actuation frequency, ω/ω0, for different
magnitudes of the axial magnetic field (δ). Solid lines stand
for the constant in-sync solutions (20) and long-dashed lines
to asynchronous solutions.
standard deviation from the mean velocity for δ = 0.2 at
ω/ω0 = 3 is ∼ 10% when averaging over 100 field revo-
lutions while it drops to ∼ 1% when averaging over 1000
periods.
Notice that reversing the magnetization, m → −m
yields a parity-transformed object having the reverse
propulsion velocity, Uz → −Uz. It can also be shown
explicitly from Eqs. (10)-(12) since taking α = −π/2 and
n2 = −1 yields, as before, ψ = ±π/2, while the corre-
sponding ± signs in Eqs. (16) and in (17) change to ∓.
Thus, the propulsion velocity Uz ∼ s2θsψ in (14) changes
sign.
It should also be stressed that net propulsion occurs
for the less symmetric (Pˆ -)chiral propeller [25], while
(Pˆ -)achiral propeller (i.e., m oriented along e3 or e1)
yields no propulsion even when a constant Hz field is
present, as we shall see below. Please recall that for
δ = 0 magnetization along any principal rotation axis
yielded no net propulsion [25], while here we have shown
that adding a static field along the field-rotation axis
results in unidirectional propulsion similar to magnetic
helices.
Stability of the in-sync solutions. To study stability of
the above in-sync solution we substitute n1 = n3 = 0,
n2 = n⊥ = 1 and Φ = α = π/2 into the Eqs. (6)-(8)
governing the rotational dynamics and obtain:
1+ε
ω0
(ϕ˙sθsψ + θ˙cψ) = sθsϕ̂ + δcθ , (21)
1−ε
ω0
(ϕ˙sθcψ − θ˙sψ) = 0 , (22)
1
pω0
(ϕ˙cθ + ψ˙) = −cψcϕ̂ + sψ(sϕ̂cθ − δsθ) . (23)
We further perturb the steady solution by adding small
7disturbances to the steady-state values of the angles:
θ = θ0 + θ1e
λt, ϕ = ϕ̂0 + ωt+ ϕ1e
λt, ψ =
π
2
+ ψ1e
λt ,
where θ0 < π/2 and ϕ̂0 are the steady in-sync solutions of
Eqs. (16) and (17), respectively, and λ is the perturbation
growth rate. Substituting this ansatz into (21-23) and
linearizing over the the perturbation amplitudes, u =
(θ1, ψ1, ϕ1), we readily obtain the homogeneous system
of equations, Pu = 0, where
P =
 δ csc θ0 0 sθ0(λ˜+ λ˜ε− cϕ̂0)λ˜ ω˜sθ0 0
pδ sec θ0 λ˜− pcϕ̂0 cθ0(λ˜− pcϕ̂0)
 ,
where λ˜ = λ/ω0. The solvability condition detP = 0
yields the cubic equation λ˜3+ qλ˜2+ rλ˜+s = 0 where the
coefficients after some algebra reduce to
q = − (1 + p+ εp) cos ϕ̂0
1 + ε
,
r =
p cos2 ϕ̂0 + δω˜(cot θ0 − p tan θ0(1 + ε))
1 + ε
,
s = −2pδω˜ cot 2θ0 cos ϕ̂0
1 + ε
.
In general, the stability criterion, i.e., real part of all three
roots λ˜ should be negative, requires q, r, s > 0 together
with the condition qr > s [31].
The condition q > 0 readily gives cos ϕ̂0 < 0. This
condition is also evident from minimizing the magnetic
energy, which in this case reduces to E = −m · H =
mHcϕ̂0 . Notice that this condition ceases to hold exactly
at the frequency ωs-o. The condition s > 0 then yields
cot 2θ0 > 0. Since we consider the solution with sin 2θ0 >
0, it follows that cos 2θ0 > 0 resulting in 0 < θ0 < π/4.
Introducing x ≡ cot θ0 > 1 and using (16) we can write
s2θ0 =
2x
1 + x2
=
2δp
ω˜(p+ pε− 1) ≡ A
−1 .
Substituting x = A +
√
A2 − 1 > 1 into the expression
for r(1 + ε) = c2ϕ̂0 + ω˜δ(x/p− (1 + ε)/x) and using sϕ̂0 =
(1 + ε)ω˜ − δx to eliminate ϕ̂0, we obtain a condition on
x from r > s/q > 0. The final stability criterion on θ0
reads
cot θ0 > max
[
1,
2pδω˜(1 + ǫp + ǫ
2
p)
p2(1 + δ2)(1 + ǫp)− 2ω˜2
]
. (24)
where ǫp = p(1+ε). The second condition in (24) imposes
stricter restrictions on θ0 and ω in comparison to those
imposed by Eqs. (16), (17) at higher values of δ and, in
fact, no stable in-sync solutions can be found already for
δ & 0.478 (see Fig. 4).
The real part of the dimensionless growth rates
Re(λ/ω0) corresponding to the in-sync solution with
θ0 < π/4 for δ = 0.1 (stable) and δ = 0.48 (unstable)
are depicted in Figs. 6a,b vs. scaled frequency ω/ω0 for
the V-shaped propeller shown in the inset in Fig. 5.
FIG. 6. Real part of the perturbation growth rate, Re(λ/ω0),
vs. the actuation frequency ω/ω0 for chubby the V-structure
in Fig. 5: a) δ = 0.1 (stable); b) δ = 0.48 (unstable).
B. Magnetization along the rotation easy-axis e3
When m is oriented along e3, i.e., n3 = 1 and
n1 = n2 = n⊥ = 0, we have Φ = 0. Then from Eq. (12)
we immediately have cθ = 0 and θ = ±π/2. then from
(14) it follows that Uz = 0. This regime corresponds to
tumbling.
C. Off-plane magnetization along e1-axis
When m is parallel to e1, i.e., n1 = n⊥ = 1 and n2 =
n3 = 0, we have Φ = π/2 and α = 0. Then from Eq. (10)
we find that (1 + ε)ω˜sθsψ = 0, i.e., ψ = 0 or π. For
these values of ψ we have Uz = 0 in (14). Notice that the
wobbling angle θ found from (11) and (12) is nontrivial:
s2θ = ∓ 2δ
ω˜ (1− ε− p−1) , (25)
where ∓ holds for ψ = 0 and π, respectively. This means
that the object will undergo precession with a finite angle
θ which is not accompanied by net propulsion in contrast
to magnetization along the symmetry axis [32].
8D. Magnetization in e1e2-plane, approximate
solution
Whenm is oriented perpendicular to the rotation easy-
axis e3 (i.e. n3 = 0, Φ = π/2), it is possible to find
an approximate solution assuming ε = 0 (i.e. cylindri-
cal approximation). In this case it readily follows from
Eqs. (10)–(11) that tψ = −tα, meaning ψ = −α or
ψ = π − α. Then subtracting Eq. (12) multiplied by
sθ from (11) multiplied by cθ/cψ we obtain
s2θ = ± 2δ
ω˜ (1− p−1) , (26)
where ± corresponds respectively to ψ = π − α (for 0 <
θ < π/2 ) and ψ = −α (for π/2 < θ < π). Thus using
sψ = ±sα and (14) at the zeroth order approximation in
ε we arrive at
Uz
ω0ℓ
≈ C˜hsα 2δ
(1− p−1) . (27)
The transverse (to e3) magnetization also results in
unidirectional propulsion with constant velocity as was
found for the in-plane magnetization along e2 in
Sec. IVA. Notice that the propulsion velocity in (27)
attains its maximum value at α = π/2, corresponding
to m‖e2, which agrees with the exact result (20) up to
O(ε).
The in-sync propulsion (27) persists in a limited range
of actuation frequencies, ω˜∗ < ω˜ < ω˜s-o. Considering
a solution corresponding to an acute precession angle θ
and noting that the solution of the rotational problem
assuming cylindrical anisotropy does not depend on α, we
find that ω˜∗ and ω˜s-o are given to the first approximation
by the respective expressions (18) and (19) at ε = 0, such
that
2δ
1− p−1 < ω˜ <
1
2
(1 + p+
√
(p− 1)2 − 4pδ2) . (28)
E. Arbitrary magnetization, O(δ) asymptotic
theory
Although we could not find a closed form solution
for an arbitrary magnetization for finite δ, it is possi-
ble to to take advantage of the cylindrical approximation
(ε ≃ 0) for which an exact analytical solution is known
for an in-plane rotating field for δ = 0 (see [24]), and
construct a small O(δ) expansion around it. This ap-
proximation provides closed-form solutions for the low-
frequency “tumbling” (θ = π/2) and high-frequency
“wobbling” (θ < π/2) regimes of in-sync actuation. The
explicit form of the “tumbling” solution at low frequen-
cies, 0 < ω˜ < ω˜t-w, where ω˜t-w = cΦ, is given by
θ = π/2 , ψ = −α , ϕ̂ = −Φ+ arccos ω˜ . (29)
At higher frequencies ω˜t-w < ω˜ < ω˜s-o, where the step-
out frequency is ω˜s-o =
√
c2Φ + s
2
Φp
2, the two symmetric
modes of the wobbling solution are given by
θ1 = arcsin
(
cΦ
ω˜
)
, ψ1 = −α− arcsin
(
cθ1 ω˜
p sΦ
)
, (30)
θ2 = π − θ1, ψ2 = −2α− ψ1 . (31)
whereas ϕ̂1 = ϕ̂2 = 0.
We therefore look for a solution to the rotational prob-
lem for finite 0 < δ ≪ 1 as regular perturbation in δ via
θ = θ0 + δθ1 + . . ., ψ = ψ0 + δψ1 + . . ., ϕ̂ = δϕ1 + . . .,
where the superscript “0” stands for the zero-order “tum-
bling” solution (29). Substituting these expansions into
Eqs. (10)–(12), collecting O(δ) terms and solving the re-
sulting system of equations for the first-order corrections
to the Euler angles in “tumbling” regime gives:
{θ1, ψ1} = − {psΦ, cΦ}
(psΦsϕ̂0 − cΦcϕ̂0 + ω˜)
, ϕ1 = 0 . (32)
Analogous expansion around the zero-order “wobbling”
solution in Eq. (30)–(31) yields the following O(δ)-
correction (identical for both solution branches):
{θ1, ψ1} = {ω˜
√
p2s2Φ + c
2
Φ − ω˜2, ω˜3 secΦ}
(p− 1)(c2Φ − ω˜2)
. (33)
and
ϕ1 =
(
ω˜2 + (p− 1)c2Φ
)√
ω˜2 − c2Φ secΦ
(p− 1)(c2Φ − ω˜2)
.
Although the regular asymptotic expansions in (32)–(33)
break down in the vicinity of of the tumbling-to-wobbling
transition, they are expected to closely approximate the
solution elsewhere, i.e., except for the vicinity of ω˜t-w.
To illustrate the applicability of this approximation
we compute the propulsion velocity of V-shaped pro-
peller magnetized in its plane by numerically integrating
Eqs. (6)-(8) to find the solution of the rotational prob-
lem, and then compare these numerical result with O(δ)
asymptotic prediction. When the V-shape is magnetized
in its plane (but not along one of the principal rotation
axes), it can efficiently propel even if actuated by an
in-plane rotating magnetic field (i.e., for δ = 0) above
certain actuation frequency in a “wobbling” regime by
a spontaneous symmetry breaking [25], whereas it can
move in either (±z) direction depending on its initial
orientation. The resultant symmetric velocity-frequency
dependence is depicted in Fig. 7 (gray solid line). Turning
on the constant Hz field removes the degeneracy between
two branches of the symmetric pitchfork “balloon” that
bifurcates into a continuous (lower) branch and an iso-
lated (upper) branch materializing over a limited range
of actuation frequencies (red solid lines). In other words,
symmetric pitchfork “balloon” is structurally unstable
and it bifurcates similarly to the imperfection-sensitivity
diagram of compressional buckling of an elastic rod [33].
The frequency range of the isolated solution branch
shrinks as δ increases and disappears completely for
9δ ≈ 0.18 (see the blue curve in Fig. 7). The vanishing
of the second branch of the solution can potentially be
used for enhanced passive control of propulsion of planar
magnetic micro/nanomotors. The effect of turning on
the static Hz field is analogous to the effect of transverse
rotational anisotropy of the magnetic propeller driven by
an in-plane rotating field with ε (rather than δ) playing a
role of the “imperfection parameter” in bifurcation of the
symmetric pitchfork “balloon” dependence (see Fig. 4 in
[24]).
FIG. 7. The dimensionless propulsion velocity of the V-shape
structure (the same as in Fig. 5) with in-plane magnetiza-
tion for Φ = π/4, α = −π/2 (see the inset) as a function
of the actuating frequency ω/ω0 for different magnitudes of
the constant magnetic field: δ = 0 (gray), δ = 0.1 (red) and
δ = 0.2 (blue). Solid lines stand for the stable in-sync numer-
ical solution, long-dashed lines to asynchronous solutions and
short-dashed lines to O(δ) asymptotic approximation.
The dashed color lines in Fig. 7 correspond to small-δ
approximation for the in-sync velocity (14) upon sub-
stituting the first-order expansions for the Euler angles,
θ = θ0 + δθ1, ψ = ψ0 + δψ1 using Eqs. (29) and (32) at
low frequencies or Eqs. (31) and (33) at high frequencies.
It can be readily seen that the agreement between the
numerical results and O(δ) asymptotic theory is quite
accurate, except at the the vicinity of ω˜t-w where both
expansions break down. The step-out frequency is only
slightly altered by finite δ and ε and can be predicted
quite accurately by the expression ω˜s-o =
√
c2Φ + s
2
Φp
2.
V. CONCLUDING REMARKS
As a magnetized object is driven by an externally ap-
plied magnetic field, the equations governing its evo-
lution are invariant only under symmetries which pre-
serve this field. The in-plane rotating magnetic field
H = H(xˆ cosωt + yˆ sinωt) is invariant under parity P̂
and ĈR̂z that involves charge conjugation. It was demon-
strated in [25] that highly symmetrical (achiral, i.e, P̂ -
even) planar V-shaped objects exhibit no net propulsion
while individual less symmetrical (ĈP̂ -even) propellers
can propel quite efficiently. In the latter case the propul-
sion direction, i.e., +z or −z, is controlled by the ob-
ject initial orientation which serves as to ‘spontaneously
break the symmetry’, thus a large collection of such pro-
pellers having random initial orientations would at most
exhibit symmetric spreading with zero ensemble average
velocity. This finding is relevant to practical applications,
as it indicates that a collection of 2D ferromagnetic mi-
cro/nanomotors that are prone to in-plan magnetization
and can be fabricated using standard lithography meth-
ods, could not be steered in a controlled fashion. Partic-
ular orientation of the magnetic moment, m, rendering
the V-shape ĈP̂ -chiral does yield unidirectional propul-
sion typically associated with helical structures, however,
it requires off-plane magnetization which is not easy to
achieve.
It was pointed out in [25] that ĈR̂z-symmetry is spe-
cial to the case of plane rotating field and it would be
interesting to explore modification of the actuating field
that breaks this symmetry. In the present paper we ex-
amined how the results of [25] change upon adding a con-
stant magnetic field along the field rotation z-axis that
breaks the R̂zĈ-symmetry, but preserves P̂ -symmetry.
Our analysis confirms that such modification of the ac-
tuating field removes the degeneracy of the plane ro-
tating field and results in enantiomeric selection of the
propulsion direction of magnetized in-plane symmetric
V-shaped objects (see Fig. 7). Surprisingly, magnetiza-
tion along the V-shape symmetry axis (rendering the
2D object (P̂ )-chiral) results in unidirectional in-sync
propulsion with constant (frequency-independent) speed
in a limited range of frequencies (see Fig. 5). Recall
that for an in-plane rotating magnetic field, a magne-
tization along any principal axis yielded no propulsion.
The P̂ -even object magnetized along a principal axis still
exhibits no propulsion even when actuated by this less
symmetrical conically rotating field.
Note that for highly symmetrical (ĈP̂ -achiral) V-
shaped propellers the orientation of the constant field
controls the direction of propulsion, similar to what was
observed for flexible magnetic nanowires in [16]. For
instance, the direction of propulsion in Fig. 5 will not
change upon reversal of the direction of the field rota-
tion. The results shown in Fig. 7 demonstrate that the
same holds more generally provided that δ is not too
small. For rigid magnetic helices, on the other hand, the
propulsion direction is controlled by the rotation direc-
tion of the magnetic field and its intrinsic handedness,
while reversal of propulsion is anticipated upon reversal
of the field rotation. The flexible nanowires in [16] pre-
served the propulsion direction upon reversal of the field
rotation because they had no intrinsic handedness and
the acquired chirality was controlled by the direction of
the field rotation.
The developed theory of magnetic actuation using a
conically rotating field should be most relevant towards
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enhanced control of propulsion of swarms of 2D mi-
cro/nanopropellers without the need of individual-level
feedback control [20].
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Appendix A PROPULSION OF A SYMMETRIC
V-SHAPED PROPELLER
In the laboratory frame, the translational velocity of a
propeller is U l = RT · Ub where RT is the transposed
rotation matrix. From Eqs. (2) we have Ub = G · Lb =
G ·F−1 ·Ω b where the components of the angular velocity
Ω
b in the body-frame are determined by Eq. (5). For the
chubby V-shape propeller (as in Fig. 2b), the only non-
trivial entries of the coupling matrix G are G13 ≡ G31.
Therefore the linear velocity in the body-frame reads
Ub =
G13
F3 Ω
b
3e1 +
G31
F1 Ω
b
1e3 . (A1)
Thus, the components of the translational velocity in the
laboratory frame read:
Ux =
G13
F3
(cϕcψ − sϕsψcθ)Ωb3 + G31F1 sϕsθΩb1 ,
Uy =
G13
F3
(sϕcψ + cϕsψcθ)Ω
b
3 − G31F1 cϕsθΩb1 , (A2)
Uz =
G13
F3
sψsθΩ
b
3 +
G31
F1
cθΩ
b
1 .
It is seen that in the in-sync regime where ϕ = ωt +
Const, ψ = Const, θ = Const, the components Ux and Uy
oscillate with the field frequency ω and have zero mean
upon averaging over a period T = 2π/ω. At the same
time, the component Uz does not depend on time.
Let us consider the propulsion velocity Uz of the sym-
metric V-shape. Substituting the components of the an-
gular velocity (5) into the third equation of Eqs. (A2)
one readily finds
Uz
ℓ
= C˜hsψs2θϕ˙+
G13
F3 sψsθψ˙ +
G31
F1 cψcθθ˙ , (A3)
where C˜h = G13(F1−1 + F3−1)/2ℓ.
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